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Abstract
In this paper we study the finite generation of Ext-algebras of a class of algebras called δ-resolution
determined algebras. We characterize the δ-resolution determined algebras which are monomial al-
gebras. If Λ is a graded algebra such that the associated monomial algebra is δ-resolution determined,
we classify when the Ext-algebra of Λ is finitely generated.
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0. Introduction
The main aim of this paper is to understand, for a certain class of graded algebras, when
their Ext-algebras are finitely generated. More precisely, let Λ = Λ0 ⊕ Λ1 ⊕ Λ2 ⊕ · · ·
be a positively Z-graded K-algebra where K is a field. Furthermore, assume that Λ0
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E.L. Green, N. Snashall / Journal of Algebra 295 (2006) 458–472 459is a semisimple K-algebra. The Ext-algebra of Λ, E(Λ), is defined to be E(Λ) =⊕
n0 Ext
n
Λ(Λ0,Λ0) where the multiplication is given by the Yoneda product.
In general, E(Λ) is not finitely generated, even if Λ is, additionally, a finite-dimensional
K-algebra. However, there are some classes of graded algebras where the Ext-algebra is
known to be finitely generated, including Koszul algebras [3,11], D-Koszul algebras [2,12]
and algebras of finite global dimension.
In general, necessary and sufficient conditions on a graded algebra for the Ext-algebra
to be finitely generated are far from understood. For monomial algebras, this problem is
studied in [5] where conditions are found if the quiver of the algebra is a cycle. The exten-
sion of the case from the quiver of the algebra being a cycle to the general monomial case
is discussed in [5,15].
If Λ is a (not necessarily graded) finite-dimensional K-algebra, then E(Λ) =⊕
n0 Ext
n
Λ(Λ0,Λ0) where Λ0 = Λ/a and a is the Jacobson radical of Λ. Again, there is
no general characterization of when the Ext-algebra E(Λ) is finitely generated. Although
we do not consider the non-graded case in this paper, it is well known that E(Λ) is finitely
generated when Λ is a group algebra of a finite group [6,16].
For a positively Z-graded K-algebra Λ = Λ0 ⊕ Λ1 ⊕ Λ2 ⊕ · · · where K is a field
and Λ0 is a finite-dimensional semisimple K-algebra, the graded Jacobson radical of Λ is
Λ1 ⊕ Λ2 ⊕ · · ·, which we denote by r. In this setting, there are minimal graded projective
Λ-resolutions of graded Λ-modules. In particular, viewing Λ0 as a graded right Λ-module,
there is a minimal graded projective Λ-resolution of Λ0
(P ∗, d∗) : · · · → Pn dn−→ Pn−1 dn−1−→ · · · d1−→ P 0 → Λ0 → 0.
Recall that this resolution is minimal if dn(P n) ⊆ Pn−1r for all n 1. Denote the global
dimension of Λ by gldimΛ.
In [10], such an algebra Λ is defined to be δ-resolution determined if there is a map
δ : N → N such that, for all n with n  gldimΛ, the projective module Pn in a minimal
graded projective Λ-resolution of Λ0 is generated in degree δ(n). In addition, Λ is δ-Koszul
if Λ is δ-resolution determined and if E(Λ) is a finitely generated K-algebra.
The class of δ-resolution determined algebras includes Koszul algebras and D-Koszul
algebras. In [4], Brenner, Butler and King define a left (p, q)-Koszul ring which turns out
to be a δ-resolution determined ring where δ(n) = αp+β for n = αq +β with 0 β < q .
Koszul algebras and D-Koszul algebras are in fact δ-Koszul. The left (p, q)-Koszul rings
of [4] are also δ-Koszul.
Our paper begins with some background material on the structure of the Ext-algebra of a
monomial algebra. In Section 2, we then study δ-resolution determined monomial algebras,
introducing a new class of monomial algebras which we call (D,A,B)-stacked monomial
algebras. We prove that the δ-resolution determined monomial algebras are precisely the
(D,A,B)-stacked monomial algebras. We note that the (D,A,B)-stacked monomial al-
gebras with B = 0 are the (D,A)-stacked monomial algebras of [13].
In Section 3, we briefly review the Gröbner basis theory for path algebras KQ. The
definitions of the length-lexicographic order and a reduced Gröbner basis can be found
there. Let J be the ideal of KQ generated by the arrows. Suppose that Λ = KQ/I , where
I is an ideal of KQ contained in the ideal J 2. We denote the length of a path p ∈ KQ by
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all i, is called length homogeneous if (p1) = · · · = (pm). The ideal I is said to be length
homogeneous if it can be generated by length homogeneous elements. Moreover, Λ has an
associated monomial algebra which we denote by ΛM [1]. The definition of ΛM is given
in Section 3.
In Corollary 3.4, we show that Λ is δ-resolution determined and has a reduced Gröbner
basis consisting of length homogeneous elements of one degree if and only if ΛM is δ-
resolution determined. We then prove our main theorem.
Theorem 3.6. Suppose that I is an ideal in KQ contained in J 2 and generated by length
homogeneous elements. Let G be the reduced Gröbner basis for I with respect to the
length-lexicographic order. Let Λ = KQ/I . Assume that ΛM is δ-resolution determined
and hence a (D,A,B)-stacked monomial algebra. Then the following hold.
(1) If D = 2 (and hence A = 1, B = 0) then Λ is δ-Koszul and Koszul. In this case, E(Λ)
is generated in degrees 0 and 1.
(2) If D > 2 and A = 1 (and hence B = 0) then Λ is δ-Koszul and D-Koszul. In this case,
E(Λ) is generated in degrees 0, 1 and 2, but is not generated in degrees 0 and 1 only.
(3) If A  2 and B = 0 (and hence D  3) then Λ is δ-Koszul. In this case E(Λ) is
generated in degrees 0, 1, 2 and 3, but is not generated in degrees 0, 1 and 2 only.
(4) If B > 0 then Λ is δ-Koszul if and only if gldimΛ < ∞. Moreover all products of
elements of E(Λ) of positive degree are zero. If gldimΛ = n < ∞ then E(Λ) is gen-
erated in degrees 0,1, . . . , n. If gldimΛ = ∞ then E(Λ) is infinitely generated as a
K-algebra.
Thus, we have completely determined when the algebras in Theorem 3.6 are δ-Koszul.
For such an algebra of infinite global dimension, it follows that its Ext-algebra is generated
in degrees at most 0, 1, 2 and 3.
However, the left (p, q)-Koszul rings of [4] with q  2, although being δ-Koszul, do
not fall into the class of algebras covered by Theorem 3.6. If Λ is a left (p, q)-Koszul ring
then E(Λ) can be generated by Ext0Λ(Λ0,Λ0), Ext1Λ(Λ0,Λ0) and Ext
q+1
Λ (Λ0,Λ0). Exam-
ples are given in [4] of left (2, q)- and left (q,2)-Koszul rings coming from preprojective
algebras associated to Dynkin diagrams and their quadratic duals, as well as examples of
left (3,3)-Koszul rings.
Before fixing some notation, we present some open questions. Firstly, we ask what
functions δ can occur for a δ-resolution determined algebra or for a δ-Koszul algebra?
Secondly, if Λ is a δ-Koszul algebra, is it possible for E(Λ) always to be generated by
elements from Ext0Λ(Λ0,Λ0), Ext
1
Λ(Λ0,Λ0), Ext
2
Λ(Λ0,Λ0) and Ext
n
Λ(Λ0,Λ0) for at most
one other value of n 3. Or, is there a bound on the size of the finite set S such that when
E(Λ) is finitely generated then E(Λ) is generated by ExtsΛ(Λ0,Λ0) for s ∈ S? and is
that bound equal to 4? In addition, can a full classification of δ-resolution determined and
δ-Koszul algebras be given?
We end this introduction by fixing some notation for the rest of the paper. Throughout,
K is a field, Q a quiver and J the ideal of KQ generated by the arrows of Q. Moreover, I
denotes an ideal of KQ contained in J 2, and r the ideal J/I in KQ/I . We define Λ to be
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copies of K . The Ext-algebra E(Λ) =⊕n0 ExtnΛ(Λ0,Λ0) =⊕n0 ExtnΛ(Λ/r,Λ/r).
For a length homogeneous ideal I , the length grading of KQ induces a grading on Λ.
We call this the induced grading on Λ. We say Λ is a monomial algebra if I can be gener-
ated by a set of paths (or monomials). If Λ is a monomial algebra then there is a unique set
of paths that minimally generate I , that is, the set of paths ρ is a minimal set of generators
of I if, for every m,m′ ∈ ρ with m 	= m′, then m is not a subpath of m′. It follows in this
case, that I is length homogeneous, and hence that Λ has the induced grading.
1. Background
In this section, Λ = KQ/I is a monomial algebra with the induced grading, and ρ
is a minimal generating set of paths for I . One of the main tools we use is the minimal
projective resolution of Λ0 as a right Λ-module as given in [9,15]. The concept of overlaps
is used there to describe the resolution and we recall the relevant definitions here together
with some basic notation.
An arrow α starts at the vertex o(α) and ends at the vertex t(α); arrows in a path are read
from left to right. If p = α1α2 · · ·αn is a path with α1, α2, . . . , αn arrows then o(p) = o(α1)
and t(p) = t(αn). A path p is a prefix of a path q if there is some path p′ such that q = pp′.
Definition 1.1.
(1) A path q overlaps a path p with overlap pu if there are paths u and v such that pu = vq
and 1 (u) < (q). We may illustrate the definition with the following diagram.
p
v
q
u
Note that we allow (v) = 0 here.
(2) A path q properly overlaps a path p with overlap pu if q overlaps p and (v) 1.
(3) A path p has no overlaps with a path q if p does not properly overlap q and q does
not properly overlap p.
To describe a minimal projective resolution of Λ0 over Λ, we use sets Rn which we
now define recursively. Let
R0 = the set of vertices of Q,
R1 = the set of arrows of Q,
R2 = the minimal set of paths ρ in the generating set of I .
For n 3, we say R2 ∈R2 maximally overlaps Rn−1 ∈Rn−1 with overlap Rn = Rn−1u if
462 E.L. Green, N. Snashall / Journal of Algebra 295 (2006) 458–472(1) Rn−1 = Rn−2p for some path p;
(2) R2 overlaps p with overlap pu;
(3) no proper prefix of pu is an overlap of an element of R2 with p.
Then Rn is the set of all overlaps Rn formed in this way. Note that, if Rn ∈Rn then Rn is
an ‘n-chain’ in the sense of [1].
The construction of the paths inRn may be illustrated with the following diagram of Rn.
Rn−2
Rn−1
p
R2
u
Recall also from [9] that if Rn1p = Rn2q , for Rn1 ,Rn2 ∈Rn and paths p,q , then Rn1 = Rn2
and p = q .
We now construct a minimal graded projective Λ-resolution of Λ0. For n  0, let
Pn =⊕Rn∈Rn t(Rn)Λ. Define, for n  1 and Rn ∈ Rn, the map dn :Pn → Pn−1 by
dn(t(Rn)) = (0, . . . ,0,p,0, . . . ,0) where Rn = Rn−1p and p occurs in the component of
Pn−1 corresponding to Rn−1.
Theorem 1.2 [9]. With the above notation, (P ∗, d∗) is a minimal graded projective Λ-
resolution of Λ0.
As a graded resolution, if Rn ∈Rn, we see that the summand t(Rn)Λ in Pn is generated
in degree (Rn). In particular, if Λ is a δ-resolution determined monomial algebra, then
(Rn) = δ(n) for all n 0 and Rn ∈Rn. Conversely, if Λ is a monomial algebra and there
exists a function δ:N → N, such that, for each n 0 and Rn ∈Rn we have (Rn) = δ(n),
then Λ is δ-resolution determined.
We now turn to δ-resolution determined monomial algebras.
2. δ-Resolution determined monomial algebras
In this section, Λ = KQ/I denotes a monomial algebra. Let ρ be the minimal set of
paths that generate I . We start with some properties of a δ-resolution determined monomial
algebra. We keep the notation of the previous section and, in particular, use the minimal
graded projective Λ-resolution (P ∗, d∗) of Λ0 as given in Theorem 1.2.
Proposition 2.1. Let Λ be a δ-resolution determined monomial algebra. Then the following
properties hold.
(1) δ(0) = 0.
(2) δ(1) = 1.
(3) Set D := δ(2) so that the projective P 2 is generated in degree D. Then (m) = D for
all m ∈ ρ.
(4) δ(n) < δ(n− 1)+ δ(2) for 2 n gldimΛ.
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Thus δ(0) = 0.
(2) Similarly, δ(1) = 1 since the arrows of Q are of length 1.
(3) Since the projective P 2 is generated in degree D, the length of any path in ρ is
also D.
(4) The projective Pn is generated in degree δ(n) and thus (Rn) = δ(n) for each
Rn in Rn and 2  n  gldimΛ. From Section 1, we may write Rn = Rn−1u for some
Rn−1 ∈ Rn−1 and path u where u is a proper subpath of some element in R2. Thus
(u) <D. Hence δ(n) = (Rn) = (Rn−1)+ (u) = δ(n− 1)+ (u) < δ(n− 1)+ δ(2) as
required. 
It is easy to classify δ-resolution determined monomial algebras of small global di-
mension. In particular, if gldimΛ = 1 then ρ = ∅ and Λ is δ-resolution determined. If
gldimΛ = 2 then Λ is δ-resolution determined if and only if there exists D  2 such that
(m) = D for all m ∈ ρ. If gldimΛ = 3 then Λ is δ-resolution determined if and only if
there exists D  2 such that (m) = D for all m ∈ ρ and there exists A 1 such that every
maximal overlap of elements in ρ is of length D + A. Therefore, we restrict our attention
to monomial algebras of global dimension at least 4 for the rest of this section. We start
by defining a class of monomial algebras called (D,A,B)-stacked monomial algebras,
which turn out to be the δ-resolution determined monomial algebras of global dimension
at least 4.
Definition 2.2. Let Λ = KQ/I be a monomial algebra of global dimension at least 4. Then
Λ is said to be a (D,A,B)-stacked monomial algebra if there is some D  2, A 1 and
B  0 such that, for all Rn ∈Rn,

(
Rn
)=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0, n = 0;
1, n = 1;
n
2D + (n−2)2 B, n even, 2 n gldimΛ;
(n−1)
2 D +A+ (n−3)2 B, n odd, 3 n gldimΛ.
(∗)
In particular all paths in ρ are of length D.
Remark. If B = 0 then Λ is a (D,A)-stacked monomial algebra in the sense of [13].
Moreover, if A = 1 and B = 0, then Λ is a D-Koszul algebra in the sense of [12].
We come now to our first theorem, which characterizes the δ-resolution determined
monomial algebras in terms of (D,A,B)-stacked monomial algebras. Some examples of
(D,A,B)-stacked monomial algebras are given later in this section.
Theorem 2.3.
(1) Every (D,A,B)-stacked monomial algebra is δ-resolution determined.
(2) If Λ is a δ-resolution determined monomial algebra with gldimΛ  4, then Λ is a
(δ(2), δ(3)− δ(2), δ(4)− 2δ(2))-stacked monomial algebra.
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(2) Clearly (R0) = 0 and (R1) = 1 for all R0 ∈ R0 and R1 ∈ R1. Let D = δ(2),
A = δ(3)−δ(2) and B = δ(4)−2δ(2). Then δ(2) = D, δ(3) = D+A and δ(4) = 2D+B .
Thus the length of each path in R2 is D, the length of each path in R3 is D + A and the
length of each path in R4 is 2D +B . Hence (∗) holds for n = 0,1,2,3,4.
We now show (∗) holds for all n by induction. Suppose (∗) is true for n k.
Case (i). k even, k  4.
By the induction hypothesis, for Rk ∈Rk and Rk−1 ∈Rk−1, we have (Rk) = k2D +
(k−2)
2 B and (R
k−1) = (k−2)2 D + A + (k−4)2 B . Consider Rk+1 ∈ Rk+1, and, following
Section 1, write Rk+1 = Rkv for some Rk ∈Rk and path v.
Now write Rk = Rk−1u for some Rk−1 ∈Rk−1 and path u. We may illustrate Rk by a
sequence of maximal overlaps as follows.
R21
R22
. . .
R2k−3
R2k−2
R2k−1
u
Now, (u) = (Rk) − (Rk−1) = D − A + B < D. Since Rk+1 = Rkv, there exists some
R2k ∈R2 which overlaps u with overlap uv. Thus R2k overlaps R2k−1. Hence there is an R˜2k ∈
R2 which maximally overlaps R2k−1, and thus the resulting R3 ∈R3 has length D + A.
Since D −AD −A+B <D, we see that R2k = R˜2k . Hence (v) = A so that (Rk+1) =
(Rk)+A = k2D +A+ (k−2)2 B and (∗) holds for k + 1.
Case (ii). k odd, k  3.
By the induction hypothesis, (Rk) = (k−1)2 D +A+ (k−3)2 B and (Rk−1) = (k−1)2 D +
(k−3)
2 B . Consider R
k+1 ∈Rk+1, and write Rk+1 = Rkv for some Rk ∈Rk and path v. We
may illustrate Rk by a sequence of maximal overlaps of R21, . . . ,R
2
k−1 in R2 in a similar
manner to (i) above.
Write Rk = Rk−1u for some path u and Rk−1 ∈ Rk−1. Then (u) = (Rk) −
(Rk−1) = A. By length arguments, one may check that R2k−1 maximally overlaps R2k−2.
Moreover, since Rk+1 = Rkv, there exists some R2k ∈R2 which overlaps u with overlap
uv, and, since (u) = A, no proper prefix of uv is an overlap of an element of R2 with u.
Thus the overlaps below
R2k−2
Rk−12
u
R2k
v
form an element R4 ∈R4. Hence (v) = D−A+B . We conclude that (Rk+1) = (Rk)+
(v) = (k+1)2 D + (k−1)2 B and (∗) holds for k + 1.
This completes the proof. 
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Proposition 3.3] is the special case of Proposition 2.4 following, with B = 0.
Proposition 2.4. Let Λ be a (D,A,B)-stacked monomial algebra. Then
(1) D >A>B  0;
(2) A | (D +B).
Proof. (1) We know gldimΛ  4 and so R3 	= ∅. Thus there is some R3 ∈ R3, and
(R3) = D + A. The element R3 is constructed from an element of R2 maximally over-
lapping an element of R2, and both these elements have length D. Hence D +A< 2D so
that D >A.
Moreover R4 	= ∅ so there is some R4 ∈R4, and (R4) = 2D + B . The element R4
is constructed from an element of R2 maximally overlapping an element of R3. Since
(R2) = D and (R3) = D +A, it follows that 2D +B < 2D +A so that A>B .
Thus D >A>B  0.
(2) Let R4 ∈R4. We illustrate R4 with the following diagram where R22 is the relation
which maximally overlaps R21 .
R21
R22
R23
The path R23 ∈R2 overlaps R22 ∈R2 with overlap of length 2D −A+B . Then there is
some relation, R˜23 say, which maximally overlaps R
2
2 with overlap of length D + A. The
paths R22,R
2
3 and R˜
2
3 are placed as follows.
R22
R˜23
R23
By maximality, D +A 2D −A+B . If R23 = R˜23 then D +B = 2A and we are done. So
suppose R23 	= R˜23 and D +B > 2A.
Now the path R23 ∈R2 overlaps R˜23 ∈R2 with overlap of length 2D − 2A + B . Then
there is some relation, R˜24 say, which maximally overlaps R˜
2
3 with overlap of length D+A.
By maximality, D + A 2D − 2A + B . If R23 = R˜24 then D + B = 3A and we are done.
So suppose R23 	= R˜24 and D +B > 3A.
Continuing in this way, at the (d−1)st stage we get D+A 2D− (d−1)A+B and so
D+B  dA. This process must terminate eventually with equality and hence D+B = dA
for some d  2. 
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that there is a (D,A,B)-stacked monomial algebra.
Proof. Given D and A, by the division algorithm we may write D = qA−B for unique q
and B with 0 B < A. This integer B is the unique value satisfying D > A > B  0 and
A | (D +B) of Proposition 2.4.
We now give a (D,A,B)-stacked monomial algebra with this value of B . Let K
be a field and let Λ = KQ/I where Q is the quiver which is an oriented cycle with
D + B arrows α0, . . . , αD+B−1 such that t(αi) = o(αi+1) for all i modulo D + B . Let I
be the ideal of KQ generated by the paths of length D which have first arrow αjA for
j = 0, . . . , q − 1. The reader may check that this gives a (D,A,B)-stacked monomial
algebra of infinite global dimension. 
Note that, when B = 0, the examples given in Corollary 2.5 are those given in [13,
Example 3.2].
For the finite global dimension case, we now give examples of (D,A,B)-stacked mono-
mial algebras.
Example 2.6. With the notation of Corollary 2.5, given D and A, write D = qA − B for
unique q and B with 0 B <A. Fix n 4 even and let N = n2D + (n−2)2 B .
Let Λ = KQ/I where Q is the quiver
· α0 · α2 · · · · · αN−1 ·
and I = 〈αmAαmA+1 · · ·αmA+D−1: m = 0,1, . . . , (n−2)2 q − 1〉. Then Λ is a (D,A,B)-
stacked monomial algebra of finite global dimension n.
A similar construction gives (D,A,B)-stacked monomial algebras of finite global di-
mension n for n odd, n 5.
In the next section we study a class of algebras which includes the (D,A,B)-stacked
monomial algebras. As a consequence, Theorem 3.6 characterizes the δ-Koszul monomial
algebras.
3. The classification theorem
In this section we introduce a class of δ-resolution determined algebras which includes
the monomial δ-resolution determined algebras. To define this class we need the theory of
Gröbner bases for path algebras and we assume the reader is familiar with this theory as
found in [7]. For completeness and notational reasons, we briefly review this theory. Let
KQ be a path algebra and let B denote the set of finite directed paths in Q. An admissible
order on B is a well-order > on B that satisfies the following two properties:
(1) if p,q, r ∈ B and p > q then pr > qr if both are not zero and rp > rq if both are not
zero;
(2) if p,q, r ∈ B and p = qr then p  q and p  r .
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defined as follows. Arbitrarily order the vertices and the arrows so that every vertex is less
than every arrow. For paths of length greater than 1, if p = α1 · · ·αn and q = β1 · · ·βm
where the αi and βi are arrows and p,q ∈ B, then p > q if n > m or, if n = m, then there
is some 1 i  n with αj = βj for j < i and αi > βi .
If x =∑p∈B cpp ∈ KQ \ {0} where cp ∈ K , p ∈ B and all but a finite number of cp
are 0, then we define the tip of x, denoted tip(x), as the largest path p with cp 	= 0. If U
is a subset of KQ, then we define tip(U) = {tip(x) | x ∈ U \ {0}}. Recall that an element
x ∈ KQ is called uniform (respectively, right uniform) if there exist vertices v,w ∈ Q
such that x = vx = xw (respectively, if there exists a vertex w ∈Q such that x = xw). If
p,q ∈ B, then we say that p | q if there exist r, s ∈ B such that q = rps.
Let I be an ideal in KQ and let > be an admissible order on B. A set of uniform
elements G in I is a Gröbner basis for I (with respect to >) if the ideal generated by
tip(G) equals the ideal generated by tip(I ), or equivalently, if, for all x ∈ I \ {0}, there
exists g ∈ G such that tip(g) | tip(x). If x =∑p∈B cpp then we say that q ∈ B occurs in x
if cq 	= 0. We say a Gröbner basis G of an ideal I is reduced if for each g ∈ G, tip(g)  q
for all q ∈ B such that q occurs in some g′ ∈ G \ {g}.
We have the following theorem.
Theorem 3.1 [7]. Let I be an ideal in a path algebra KQ and let > be an admissible order
on B. Then there exists a unique reduced Gröbner basis for I with respect to >.
For the remainder of the section, suppose that > is an admissible order on B. We define
IM to be the ideal in KQ generated by tip(I ). Note that IM is a monomial ideal. Set
ΛM = KQ/IM . Suppose that G is the reduced Gröbner basis for I with respect to >.
Since IM is a monomial ideal, it follows that tip(G) is the reduced Gröbner basis for IM
(with respect to any admissible order, in particular, with respect to >).
Next, we review some of the ideas of [14]. Let X be a right Λ-module, and let T = KQ.
Then there are sets of right uniform elements, {f ni }i∈In for n 0 and {f ni ′}i∈I ′n for n 1
such that the following hold.
(1) There is a set {xi}i∈I0 of right uniform elements that generate X and such that
t(xi) = f 0i .
(2) The kernel of the map dˆ0 :⊕i∈I0 f 0i T → X given by dˆ0(f 0i ) = xi is ⊕i∈I1 f 1i T ⊕⊕
i∈I ′1 f
1
i
′
T .
(3) For each n 2,
( ⊕
j∈In−1
f n−1j T
)
∩
( ⊕
l∈In−2
f n−2l I
)
=
⊕
i∈In
f ni T ⊕
⊕
i∈I ′n
f ni
′
T .
(4) For each n 1, f ni /∈
⊕
j∈In−1 f
n−1
j I for each i ∈ In.
(5) For each n 1, f n′ ∈⊕ f n−1I for each i ∈ In.i j∈In−1 j
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structure of the projective T -modules given in [8,14]. By (3), for each n  1 and i ∈ In,
there exist hn−1,nj,i ∈ T , almost all zero, such that f ni =
∑
j∈In−1 f
n−1
j h
n−1,n
j,i . By our uni-
formity assumption, we may assume that hn−1,nj,i ∈ t(f n−1j )T t(f ni ), for all i, j .
Let Qn =⊕i∈In f ni T for n 0 and let Pn = Qn/QnI . Note that Pn ∼=⊕i∈In t(f ni )Λ.
Let d0 :P 0 → X be the map induced from dˆ0. For n 1, let dn :Pn → Pn−1 be defined
as follows: if j ∈ In−1, then the j th component of dn(t(f ni )) is hn−1,nj,i , where x¯ denotes
the image of x under the canonical surjection T → Λ.
Theorem 3.2 [14, Theorem 1.2]. Let Λ = KQ/I and let X be a right Λ-module. If
{f ni }i∈In and {f ni ′}i∈I ′n are chosen to satisfy properties (1)–(5) above then
· · · → Pn dn−→ Pn−1 → ·· · → P 1 d1−→ P 0 d0−→ X → 0
is a projective Λ-resolution of X.
With the notation of Theorem 3.2, we say that F =⋃n0{f ni }i∈In is the resolution
data associated to the projective Λ-resolution (P ∗, d∗) of X.
Suppose that (L∗, e∗) is a projective Λ-resolution of X such that, for each n  0,
the projective Ln decomposes into a direct sum of projective modules of the form vΛ
where v is a vertex in Q. We call projective modules of the form vΛ vertex projective
modules. Then there exists a projective Λ-resolution (P ∗, d∗) of X with resolution data
F =⋃n0{f ni }i∈In such that the two resolutions are isomorphic. To see this, use the de-
compositions of the projective modules Ln to write the maps en as matrices with entries
in Λ. Lifting the en to matrices En with entries in KQ, we define the f n as the elements
of the matrix E1E2 · · ·En. It is not hard to check that there exist {f n′} so that, for {f n}
and {f n′}, properties (1)–(5) hold, and the associated projective Λ-resolution of X is iso-
morphic to (L∗, e∗). In this case, the set F is called resolution data yielding the resolution
(L∗, e∗).
We now recall some results from [1] on projective resolutions and put these results in
the context of the terminology used above. We let rM = J/IM , so Λ0 = Λ/r = ΛM/rM =
KQ/J . Let G be a reduced Gröbner basis for I with respect to the length-lexicographic
order. A construction of projective Λ-resolutions of the simple summands of Λ0 is given
in [1]. Combining these resolutions, we get a construction of a projective Λ-resolution
of Λ0. The projective modules in this resolution are direct sums of vertex projective mod-
ules. Thus there exists resolution data F yielding the resolution given in [1].
Let F be resolution data yielding the resolution of Λ0 constructed in [1]. Then, for
each n 0, tip({f ni }i∈In) =Rn. The set of ‘m-chains’ of [1] is the set Rm. Moreover, it is
important to note from the construction given in [1], that if each f 2i is length homogeneous,
then each f nj is length homogeneous. Note that, for translating the results of [1] into the
terminology of this paper, a ‘suitable order’ is an admissible order, the set ‘M’ of [1] is the
set B \ tip(I ), and the ‘obstruction set’ is the set tip(G).
We turn now to one of the applications in [1, Section 3]. Let G be the reduced Gröb-
ner basis for I . Then tip(G) is the reduced Gröbner basis of IM . Consider the projective
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structed in [1]. Let F be resolution data yielding (P ∗, d∗) and let FM =⋃n0{gni }i∈Jn
be resolution data yielding (P ∗M,d∗M). Since IM is an ideal generated by monomials, it is
immediate that each gni is a path and, in fact, {gni }i∈Jn =Rn for each n. As noted above,
tip({f ni }i∈In) =Rn, for each n, and hence In = Jn.
Our final observation is that, since ΛM is a monomial algebra, it is positively Z-graded.
Since G is a reduced Gröbner basis for I , the ΛM -resolution (P ∗M,d∗M) is a minimal graded
projective ΛM -resolution of Λ0. If G consists of length homogeneous elements, then, since
the f ni ’s are also length homogeneous, the resolution (P
∗, d∗) is a graded projective Λ-
resolution of Λ0. Hence, it makes sense, in this case, to ask if (P ∗, d∗) is a minimal graded
projective Λ-resolution of Λ0.
Proposition 3.3. Suppose that I is an ideal in KQ contained in J 2, and that G is the
reduced Gröbner basis for I with respect to the length-lexicographic order. Assume that G
consists of length homogeneous elements of one degree D. Let Λ = KQ/I and let (P ∗, d∗)
be a graded projective Λ-resolution of Λ0 as constructed in [1]. If Λ is a δ-resolution
determined algebra then (P ∗, d∗) is a minimal graded projective Λ-resolution of Λ0.
Proof. Since Λ is δ-resolution determined, let δ :N → N be such that there is a minimal
graded projective Λ-resolution of Λ0 where, for n  0, the nth projective is generated
in degree δ(n). Let (P ∗, d∗) be the resolution constructed in [1] and let F be resolution
data yielding this resolution. Note that P 0 is generated in degree 0. Since I is generated
by length homogeneous elements, each f ni ∈ F is length homogeneous. We denote this
common length of the paths in f ni by (f
n
i ).
We show, by induction on n  1, that dn(P n) ⊆ Pn−1r and that Pn is generated in
degree n. For n = 1 this is clear. Now consider the case n = 2. Since G generates I , we
have that I can be generated by length homogeneous elements all of length D. Hence
δ(2) = D and P 2 is generated in degree δ(2). Since I ⊆ J 2, we see that δ(2) 2, and thus
d2(P 2) ⊆ P 1r. Thus we have that dn(P n) ⊆ Pn−1r and Pn is generated in degree δ(n),
for n = 0,1,2.
Now suppose n  3. Assume by induction that dk(P k) ⊆ P k−1r and that P k can be
generated in degree δ(k) for k  n− 1.
We know that δ is a strictly increasing function, and that the map Pn → Pn−1 is
given by the matrix (hn−1,ni,j ) where f
n
i =
∑
j f
n−1
j h
n−1,n
i,j . By induction, for each f
n−1
i ,
(f n−1i ) = δ(n − 1). Then, from the construction of each f ni from the set f n−1, (f ni ) >
(f n−1j ) for all i, j . Thus, it follows that each h
n−1,n
i,j ∈ J , and hence dn(P n) ⊆ Pn−1r.
Thus it remains to show that Pn can be generated in degree δ(n). The elements of Rn
are constructed from overlapping elements ofR2 with the elements ofRn−1. It follows that
for each f ni , (f
n
i ) < δ(n− 1)+D, since every f 2 has homogeneous length D. Again, by
construction, for each f n+1j , (f
n+1
j ) δ(n − 1) + D. Thus (f n+1j ) > (f ni ) for all i, j ,
and we conclude that dn+1(P n+1) ⊆ Pnr. It follows by induction that (P ∗, d∗) is minimal
at P 0,P 1, . . . ,P n. Since Λ is δ-resolution determined, we see that Pn can be generated in
degree δ(n). This completes the proof. 
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Corollary 3.4. Suppose that I is an ideal in KQ contained in J 2 and generated by length
homogeneous elements. Let G be the reduced Gröbner basis for I with respect to the
length-lexicographic order. Let Λ = KQ/I . Then Λ is δ-resolution determined and G con-
sists of length homogeneous elements of one degree D if and only if ΛM is δ-resolution
determined. Furthermore, in this case, there exist D,A and B , with D >A>B  0 so that
δ(n) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0, n = 0;
1, n = 1;
n
2D + (n−2)2 B, n even, 2 n gldimΛ;
(n−1)
2 D +A+ (n−3)2 B, n odd, 3 n gldimΛ.
Proof. First suppose that Λ is δ-resolution determined and G consists of length homo-
geneous elements of one degree D. Then by Proposition 3.3, the projective Λ-resolution
(P ∗, d∗) of Λ0, constructed by [1], is minimal. Let F =⋃n0{f ni }i∈In be the resolution
data yielding this resolution. Then each f ni is length homogeneous of length δ(n). Since
Rn = tip({f ni }i∈In), we see that the elements of Rn are all paths of length δ(n). Hence
ΛM is δ-resolution determined.
Conversely, suppose that ΛM is δ-resolution determined. Let (P ∗, d∗) be the projective
Λ-resolution of Λ0 and let (P ∗M,d∗M) be the projective ΛM -resolution of Λ0 constructed
by [1]. Let F be the resolution data yielding the resolution (P ∗, d∗). Each element of Rn
is a path of length δ(n), and, as noted following Theorem 3.2, each f ni is length homoge-
neous of length δ(n). In particular, since G = {f 2i }i∈I2 , G consists of length homogeneous
elements of one degree. Since (P ∗, d∗) is a graded projective Λ-resolution of Λ0, a mini-
mal graded projective Λ-resolution of Λ0 will be a summand of (P ∗, d∗). Hence Λ is also
δ-resolution determined.
Finally, if Λ and ΛM are δ-resolution determined then, by Theorem 2.3, we see that δ
has the desired form. 
Since we are interested in when a δ-resolution determined algebra is δ-Koszul, the
following result from [12] plays a central role. For this result we assume only that
Λ = Λ0 ⊕ Λ1 ⊕ · · · is a positively Z-graded K-algebra and (P ∗, d∗) is a minimal graded
projective Λ-resolution of Λ0.
Proposition 3.5 [12, Proposition 3.6]. Suppose that P i is finitely generated with generators
in degree δ(i), for i = α,β,α + β . Assume that δ(α + β) = δ(α)+ δ(β). Then the Yoneda
map
ExtαΛ(Λ0,Λ0)⊗K ExtβΛ(Λ0,Λ0) → Extα+βΛ (Λ0,Λ0)
is surjective.
We now prove the main result of this section. For an algebra Λ such that ΛM is δ-
resolution determined, Theorem 3.6 characterizes when Λ is δ-Koszul. The proof uses that,
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each ExtnΛ(Λ0,Λ0). We write Ext
n
Λ(Λ0,Λ0) =
⊕
k0 Ext
n
Λ(Λ0,Λ0)k . In the case where
Λ is δ-resolution determined, we see that ExtnΛ(Λ0,Λ0)k = (0) if k 	= δ(n). Moreover the
Yoneda product respects this bigrading. To avoid confusion, if E(Λ) can be generated by
{ExtiΛ(Λ0,Λ0): i ∈X }, we say that E(Λ) can be generated in Ext-degrees X .
Theorem 3.6. Suppose that I is an ideal in KQ contained in J 2 and generated by length
homogeneous elements. Let G be the reduced Gröbner basis for I with respect to the
length-lexicographic order. Let Λ = KQ/I . Assume that ΛM is δ-resolution determined
and hence a (D,A,B)-stacked monomial algebra. Then the following hold.
(1) If D = 2 (and hence A = 1, B = 0) then Λ is δ-Koszul and Koszul. In this case, E(Λ)
is generated in Ext-degrees 0 and 1.
(2) If D > 2 and A = 1 (and hence B = 0) then Λ is δ-Koszul and D-Koszul. In this case,
E(Λ) is generated in Ext-degrees 0, 1 and 2, but is not generated in Ext-degrees 0 and
1 only.
(3) If A  2 and B = 0 (and hence D  3) then Λ is δ-Koszul. In this case E(Λ) is
generated in Ext-degrees 0, 1, 2 and 3, but is not generated in Ext-degrees 0, 1 and 2
only.
(4) If B > 0 then Λ is δ-Koszul if and only if gldimΛ < ∞. Moreover all products of
elements of E(Λ) of positive Ext-degree are zero. If gldimΛ = n < ∞ then E(Λ) is
generated in Ext-degrees 0,1, . . . , n. If gldimΛ = ∞ then E(Λ) is infinitely generated
as a K-algebra.
Proof. Let (P ∗, d∗) be the projective Λ-resolution of Λ0 and (P ∗M,d∗M) be the projective
ΛM -resolution of Λ0 as constructed in [1]. For each n 0, let F =⋃n0{f ni }i∈In be the
resolution data yielding the resolution (P ∗, d∗). By Proposition 3.3, these two resolutions
of Λ0 are minimal resolutions.
By Corollary 3.4, each f ni is length homogeneous of length (Rn). Furthermore, (Rn)
is given by (∗) of Definition 2.2. Hence Pn is generated in degree (Rn) and δ(n) = (Rn).
(1) If D = 2 then A = 1 and B = 0. From (∗) we have, for each n 0 and each i, that
the length of the homogeneous element f ni is n. Hence Λ is a Koszul algebra. Since Λ is
Koszul, E(Λ) is a Koszul algebra and hence is generated in Ext-degrees 0 and 1.
(2) Suppose D > 2 and A = 1. By (∗), Λ is a D-Koszul algebra [2,12]. Since D > 2
and P 2 is generated in degree D, it follows that Λ is not a Koszul algebra and E(Λ) must
have generators in Ext-degree 2. By [12], E(Λ) is generated in Ext-degrees 0, 1 and 2.
(3) Suppose A  2 and B = 0. Since A  2, (∗) implies that Λ is not a D-Koszul
algebra. Note, from the bigrading, that Ext1Λ(Λ0,Λ0) lives in degree 1, Ext2Λ(Λ0,Λ0) in
degree δ(2) = D and Ext3Λ(Λ0,Λ0) in degree δ(3) = D + A. Since D + A > D + 1, we
have that Ext1Λ(Λ0,Λ0)Ext
2
Λ(Λ0,Λ0) = 0 = Ext2Λ(Λ0,Λ0)Ext1Λ(Λ0,Λ0) in E(Λ). Thus
any generating set of E(Λ) must contain a K-basis of Ext3Λ(Λ0,Λ0) and we see that E(Λ)
must have generators in at least Ext-degrees 0, 1, 2 and 3 and cannot be generated by only
elements in Ext-degrees 0, 1 and 2.
We now show that, for n  4, the elements of ExtnΛ(Λ0,Λ0) can be generated in
E(Λ) by elements from Ext0 (Λ0,Λ0), Ext1 (Λ0,Λ0), Ext2 (Λ0,Λ0) and Ext3 (Λ0,Λ0).Λ Λ Λ Λ
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Ext0Λ(Λ0,Λ0), Ext
1
Λ(Λ0,Λ0), Ext
2
Λ(Λ0,Λ0) and Ext
3
Λ(Λ0,Λ0), for all m< n. Since Λ is
δ-resolution determined, for n 0, ExtnΛ(Λ0,Λ0) lives in degree δ(n). It is straightforward
to check, for n 4, that δ(n) = δ(n − 2) + δ(2) since B = 0. Hence, by Proposition 3.5,
ExtnΛ(Λ0,Λ0) can be generated by Ext2Λ(Λ0,Λ0) and Ext
n−2
Λ (Λ0,Λ0). Thus, by induc-
tion, this completes the proof.
(4) It is sufficient to show that all products of elements in E(Λ) of positive Ext-degree
are zero since then, for n  1, every generating set of E(Λ) must contain a K-basis
of ExtnΛ(Λ0,Λ0). The reader may verify that (∗) implies that δ(n) + δ(m) < δ(n + m)
for all m,n  1. Since ExtnΛ(Λ0,Λ0) lives in degree δ(n), ExtmΛ(Λ0,Λ0) lives in degree
δ(m) and Extn+mΛ (Λ0,Λ0) lives in degree δ(n + m), the bigrading of E(Λ) implies that
ExtnΛ(Λ0,Λ0)Ext
m
Λ(Λ0,Λ0) = 0. 
Remark. (1) Let Λ be a (D,A,B)-stacked monomial algebra. Then Λ = ΛM and Theo-
rem 3.6 characterizes when Λ is δ-Koszul.
(2) Suppose that Λ satisfies the hypotheses of Theorem 3.6 and that A 2 and B = 0
(and hence D  3). Then Λ is δ-Koszul and ΛM is a (D,A)-stacked monomial algebra
of [13].
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